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Abstract 

Some nonrenormalizable theories have remarkable properties. Their euclidian and minkowskian 
Green's functions are finite, and the features that make them finite may help us understand dark 
energy, confinement, and quantum gravity. 
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The existence of quantum theories with finite Green's functions was first suggested by 
Boettcher and Bender [1]. A recent paper [2] shows that a theory of a scalar boson with 
euclidian action density 
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has euclidian Green's functions 

G e (x U ...,X n ) = (0|T [<t>e{xi) ■ ■ ■ <fre(Xn)] |0) 

/ exp — / L e {4))d A x D(j> 

(2) 

that are finite. The Green's functions of the corresponding theory in minkowski space with 
action density 
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also are finite [2] . The somewhat more interesting theory with euclidian action density 
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also has finite Green's functions (and also describes particles of mass m). These theories 

are not renormalizable, but one may use lattice methods and expansions in powers of h to 

extract physical information from them. 

The derivatives in L se dampen wiggles in the field <j)(x) but may not drastically affect its 

mean value. If we ignore them, then the mean value of the potential-energy density in the 

ground state of the theory is a ratio of products of integrals all but one of which cancel 
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Setting d A x = e 4 and taking the limit e — > 0, we find 
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In the same approximation, the mean value of the potential-energy density of the first theory 
(1) diverges logarithmically. 

The full energy density, of course, involves the derivatives. We can make the mean value 
of their contribution finite by using as the euclidian action density 

L re = M 4 {l-M- 4 [(^(x)) 2 + m 2 2 (^)]} _1/2 . (7) 

We could presumably adjust the masses m and M so as to fit the experimental value of the 
dark-energy density [3] 
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Many nonrenormalizable theories have Green's functions that are finite or less singular 
than those of a free field. We can make a typical theory of scalar and vector bosons less 
singular by replacing its euclidian action density L e by [4] 
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in which m is a suitable mass. 

The euclidian action density of SU(3) gauge theory is the trace 
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in which the Faraday matrix is F^ u = gt a F£ u , the generators t a of SU(3) are half the 
Gell-Mann matrices, and F£ u = d^A® — d u A a ^ — gf abc A b ^Al. The theory described by 
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has Green's functions that are less singular. And if the mean values in the vacuum of 
euclidian-time-ordered products of gauge-invariant operators Ok are given by the path inte- 
grals 
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then they are less singular than those of L 3 and may be finite. 

Wilson [5], Creutz [6], and others have demonstrated quark confinement on the lattice 
by replacing the euclidian action of pure continuum QCD 

Sqcd = ^ J Tr (F%) d A x = J L 3 d 4 x (14) 

by a sum over the plaquettes of a lattice 
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of Wilson's action Sn which is the trace of the product of the elements U of SU (3) on the 
links that surround the plaquette 

S n = 0[l- (l/3)Re Tr {U^U^UuUu)] ■ (16) 

Yet there is a big difference between the continuum action density Tr(F 2 u )/2g 2 which can 
be arbitrarily large and Wilson's action Sn which is bounded by (5. This gap is bridged if 
one uses the action density L' 3 which keeps Tr(F 2 u )/2g 2 bounded like Wilson's S n - 

The euclidian action density of general relativity is not bounded below, and so the recipes 
(9) and (10) don't work for it. Instead, we can use, for instance, 

1 / cosh 2 9 sinh 2 9 \ r— 

E ~ 167rG% \1-G n R e + 1 + G n R e ) Vl91 ( } 

in which Re is the euclidian Ricci scalar, and \g\ is the absolute value of the determinant of 
the euclidian metric tensor. The resulting theory is less singular than conventional quantum 
gravity. The action density of such a theory is a finite constant at zero curvature. So for 
R = 0, we can adjust 9 and fit the density of dark energy at the classical level. One might 
be able to use 
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to make the energy density of the ground state actually finite and equal to that of dark 
energy for an adjusted angle 9. 
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